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Abstract 

We construct an Euler system of p-adic zeta elements over the eigencurve which interpolates 
Kato’s zeta elements over all classical points. Applying a big regulator map gives rise to a 
purely algebraic construction of a two-variable p-adic L-function over the eigencurve. As a 
first application of these ideas, we prove the equality of the p-adic L-functions associated with 
a critical-slope refinement of a modular form by the works of Bellaiche/Pollack-Stevens and 
Kato/Perrin-Riou. 
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1 Introduction 

1.1 Euler systems and zeta elements 

The Birch—Swinnerton-Dyer conjecture and its generalizations relate special values of T-functions 
with various arithmetically defined groups. These conjectures are among the most fascinating and 
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difficult problems in modern number theory. One of the most powerful techniques for attacking 
these problems is the theory of Euler systems, families of Galois cohomology classes with very 
special properties [Kol90, RubOO]. Euler systems forge a strong link between special values of L- 
functions and Galois cohomology, and every known Euler system has led to very deep results: among 
other successes, we mention Rubin’s proof of the Iwasawa main conjectures for imaginary quadratic 
fields [Rub91], Kolyvagin’s results on the Birch—Swinnerton-Dyer conjecture [K 0 I 88 ], and Kato’s 
work on the Bloch-Kato conjecture for elliptic modular forms [BK90, Kat04] . 

In this article, we construct Euler systems associated with finite-slope overconvergent modular 
forms, and with rigid analytic families of such forms. Since many classical modular forms are 
finite-slope overconvergent, our constructions have consequences for the Iwasawa theory of classical 
modular forms and elliptic curves. In particular. Theorem 1.2.1 below settles the long-standing 
question of comparing the analytic and algebraic p-adic T-functions attached to a critical-slope 
refinement of a modular form by Pollack-Stevens and Kato. The proof of this theorem follows 
naturally from our construction of a “two-variable algebraic p-adic T-function” over the eigencurve. 
These ideas also lead to some partial results towards a two-variable main conjecture, which we defer 
to a second article [Hanl5]; it seems likely that our constructions will have further applications. In 
the context of Hida families, many of the results in this paper have been established by Ochiai in 
a beautiful series of articles [Och03, Och05, Och06], which gave us the confidence to attempt this 
project. We also mention the related work of Wang [Wanl2], who has proven a lovely two-variable 
interpolation of Kato’s explicit reciprocity law. 

Our point of departure is the monumental work of Kato [Kat04]. Speaking very roughly, we 
are able to interpolate Kato’s constructions of p-adic zeta elements and Euler systems over the 
Coleman-Mazur-Buzzard eigencurve. In the course of doing this, we are led to several intermediate 
results which may be of interest: in particular, we put canonical integral structures on Coleman 
families and on the universal Galois representations over them. 

Before stating our results, we recall the eigencurve and define some distinguished classes of points 
on it. Fix an odd prime p, an algebraic closure Qp, and an isomorphism C —^ Qp. Fix an integer 
N > 1 prime to p, and let T be the polynomial algebra over Z generated by the operators Te,£\ Np, 
Up and {d) ,d € (Z/NZ)^. Set 211 = Spf(Zp[[Zp ]]), and let W = 2IJ"'‘® be the rigid analytic space of 
characters of Z^ together with its universal character : Z^ — >• we embed Z in #"(Qp) 

by mapping k to the character t For any A S /^(Qp) we (slightly abusively) write 

Ml(Fi(lV))c^[[g]] 

for the space of p-expansions of overconvergent modular forms of weight A and tame level N. 
Coleman-Mazur [CM98] and Buzzard [Buz07] constructed a rigid analytic curve ‘^(iV) equipped with 
a flat, locally finite morphism w : '^{N) — >• W and an algebra homomorphism : T — >■ 
such that '^(A^)(Qp) parametrizes the set of overconvergent eigenforms of finite slope and tame level 
N, with X G ‘^(fV)(Qp) corresponding to the generalized eigenspace 

<(.)(riW)ker0. = {/GMt(^^(ri(iV)) I (T-<^,(r))-/ = ovr€Tandn»o} 

When this eigenspace is one-dimensional over Qp we write for the canonically normalized gen¬ 
erator. For any x G ^(A^)(Qp), the theory of pseudorepresentations yields a continuous two- 
dimensional Gq-representation Vx over the residue field Ex of x with tame Artin conductor dividing 
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N such that for all primes (. \ Np we have 


trFrob^|14 = (f’xiTe), 
detFrob^|T4 = £xy^,w{x){^)4’x{{i)) 

with Frob^ G Gq a geometric Frobenius. The function a = (j){Up) G is nonvanishing on 

'^{N) and plays a distinguished role in the theory; in particular, the image of ‘^{N) in W x 
under the map x i— {'w{x), l/a{x)) is a hypersurface over which 't^(N) is finite. 

Given an integer M|A, we say a point x G '^(A)(Qp) is crystalline of conductor M if there is a 
(necessarily unique) normalized cuspidal elliptic newform 

/x = ^a„(/,)g"G5fc(Fi(M)) 
n>l 

of weight k = kx > 2 and nebentype £f^ such that = ai,{fx) and 4'x{{()) = £/x(^) for all 

I \ Np and furthermore ax is a root of the Hecke polynomial — ap{fx) + p’^^~^£f^{p)^lt^s not 
hard to see that any newform of weight > 2 and level dividing N occurs this way. Given any 
point X G ‘^(iV)(Qp) with w{x) = fc, fc > 2, we say x is noncritical if the inclusion of generalized 
eigenspaces 

Mfe(ri(A) nFo(p))ker 0 x C Mf(Fi(A))ker 0 x 

is an equality, and critical otherwise. 

Definition 1.1.1. A point x G '^{N){Clp) is noble if it is crystalline of conductor N, and further¬ 
more X is noncritical and ax is a simple root of the pth Hecke polynomial of fx ■ 

Note that a crystalline point of conductor N is noble exactly when the generalized eigenspaces 
in the definition of noncriticality are honest eigenspaces of common dimension one, in which case 
the p-stabilized form 

fx = fx{q) -p^"~^£fAp)o:f^fxiq^) 

defines the canonical generator of both spaces. Our motivation for singling out these points is 
geometric: the eigencurve is smooth and etale over locally at any noble point [Bell2], and 
certain sheaves of interest are locally free of minimal rank around such points. It is conjectured that 
the final condition in the definition of nobility always holds [CE98], and that a crystalline point of 
conductor N fails to be noble if and only if fx is a CM form and Vp(ax) = kx — 1; in particular, the 
map 


{noble points} jnewforms of level iV and weight > 2} 

X 1-^ fx 

is conjecturally surjective, one-to-one on the set of CM forms with p split in the CM field, and 
two-to-one on all other forms. These results are all known for points of weight 2, and in particular, 
any point such that fx is associated with a non-CM (modular) elliptic curve over Q is noble. 

Let {N) denote the Zariski closure in '^{N) of the crystalline points of conductor M; 

this is a union of irreducible components of and the complement of {^) in 

‘^(TV) is an open dense subspace of the union of Eisenstein components of 

^ These are precisely the points for which the Galois representation Vx has tame Artin conductor M and is crystalline 
with distinct nonnegative Hodge-Tate weights at p. 
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Definition 1.1.2. The smooth cuspidal eigencurve of level TV, denoted by or simply by is 
the normalization of 

The curve is a disjoint union of connected smooth reduced rigid analytic curves, with a natural 

morphism i ‘^[N). We will slightly abusively write w = woi^ cj) = i*(j), a = i*a for the natural 

maps and functions inherited from those on ‘io{N). Any point in the smooth locus of 
determines a unique point in ^ and i is an isomorphism locally around any such point; in particular, 
this holds for any noble point. We find it very convenient to introduce the involution x ^ oi'^ 
given on geometric points by 

(t>ATt) = 

{Up') - f’xiUp (p) ), 

4ix'=i{d)) = (j)xi{d~^)). 

Note that on crystalline points we have /a;= = ff: where f‘^ = f® is the complex conjugate of /, 
and likewise for ax- 

As we construct it here, the curve ^ carries a rank two locally free sheaf T' with a continuous Gq- 
action unramified outside Np, such that for every noble point x G ^(Qp) there is an isomorphism 
Tijc ~ Ufxi^x) — h"/c(l) which is moreover realized by a canonical isomorphism 

r, ^ (hI, (y^{Np)^^, {sym^--^TpE){2)) A,) [ker<^,] 

of Galois modules. Here TpE is the etale sheaf defined by the Tate module of the universal elliptic 
curve over Yi{Np). The sheaf "E and its fibers provide canonical etale-cohomological realizations 
of the Galois representations associated with the overconvergent eigenforms parametrized by 
Following ideas of Pottharst, we define coherent Galois cohomology sheaves =^^(Q(Cm), ?')) 

over whose sections over an admissible affinoid open U are given by 

^'(Q(Crn), y{-r)){U) = y{U){-r)). 

We denote the global sections of this sheaf by iJ^(Q(Cm), 'E{—r)). 

As a sample of our results, we state the following theorem. 

Theorem 1.1.3. Notation as above, let v be any primitive Dirichlet character of even order and 
conductor A prime to Np, with coefficient field Qp(i^), and let r be an arbitrary integer. 
i. There is a collection of global cohomology classes 

lir.v) = {ljn{r,v) G iJ^(Q(Cm),';^(-0) ®Qp QpM) m>l.(m..4) = l 
such that for any prime £ \ NA, we have the corestriction relation 


Corq(c^,)/Q(C^) v)) 


iil\mp 

Pi{£~''aJ^) ■ 3m(r, v) \il \ mp, 


where at, G Gal(Q(Cm)/Q) denotes an arithmetic Frobenius at i and Pi{X) G ^(‘^)[A] is the 
polynomial 

Pt{x) = i-cf{Tt{i)-^)x + mr^)xit^wx^ 

= det(l-A-Frob|)|y*(l). 
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ii. The class unramified outside the primes dividing p. 

iii. If X is a noble point such that either kx > 2 or = 2 and L(l, fx®v) ^ 0, the specialization 


d{r, v)x 


u)x 


€H (Q(Cm),'I^( ^)) ®Qp Qp(^))m>l, (m.^) = l 


is nonzero. 

The corestriction relation in part i. here is the famous Euler system relation. 

We also construct classes in Iwasawa cohomology which interpolate the classes in Theorem 1.1.3 
for varying r and m. More precisely, set Em = Gal(Q(Cmp”)/Q(Cm)) and let be the sheaf of 
rings over defined by 

Km{U) = {ff{U)°®Zp[[Tm]]) [i] 

for U an aflinoid open (we notate these and other allied objects in the case m = 1 by dropping m)f 
We construct a sheaf of Am-modules characterized by the equality 

= H\Gciiu),Nmpoo,y{U){-r) A^(C/)). 

For any integer r and any integer j > 0, there is a natural morphism of sheaves 

Ox,, : J^;(Q(C™),r(-r)) ^ jri(Q(Cp.),r(-r)) 

induced by the surjections h.m{U) ff{U) ®qp Qp[Gal(Q(Cmpj)/Q(Cm))] together with Shapiro’s 
lemma. Let denote the global sections of 

Theorem 1.1.4. There are naturally defined cohomology classes 

3m(r,i/) G ij/^(Q(Cm),';^(-r)) (8 >Qp Qp(i^) 

whose image under 6rj equals for all ?’ G Z and all j G Z>i, and such that under the 

natural twisting isomorphisms 

Twp,_p, : J^;(Q(C„),r(-ri)) ^ J^;(Q(C„), r(-r2)) 

we have Twpj_P 2 (3 m (^1)^)) — 3m (^2 

Theorem 1.1.3, while aesthetically pleasing, is somewhat useless in applications, since the Euler 
system machinery deals in integral structures. In fact Theorems 1.1.3 and 1.1.4 follow from our 
main technical result, which takes integral structures into account and which we now describe. 
Given k > 2 and M > 1, set 

Vf{M) = Hi, (Yi(M)/Q,sym'=-2rpE) (2 - fc). 

This space (denoted Vk.Zp{Yi{M)) in [Kat04]) admits commuting actions of Gq and a suitable 
algebra of Hecke operators, and its eigenspace for the Hecke eigenvalues of a newform / of weight 
k and level M provides a canonical realization of the Galois representation associated with /. 
Generalizing ideas of Stevens and others, given a suitable “small” formal subscheme il C 211 and a 

^If y4 is a reduced aflinoid algebra and R is an adic Noetherian Zp-algebra which is p-adically complete, then 
A°^R denotes the 1 (g) /-adic completion of A° giz R where / is the largest ideal of definition of R (so in particular 
P G /). 
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sufficiently large integer s, we define a module 2?^’° of ^(il)-valued locally analytic distributions on 
Zp with a continuous action of ro(p). Here “small” means basically that it = Spf(i?) where R = ^(if) 
is a Zp-flat and module-finite Zp[[Xi,..., Xd]]-algebra - in particular, the Berthelot generic fiber 
c 'W is typically not quasicompact. On the other hand, working with small opens like this 
allows us to construct a decreasing filtration on the module 1)^° by sub-i^(il)-modules 

= Fil°r>y’° D FiliPy’“ D • • • D FiPPy’° D • • ■ 

with several extremely felicitous properties: this filtration is ro(p)-stable, 2?^^°/FiPI?y° is a finite 
abelian group of exponent p®, F(p®+®) acts trivially on 2?y°/Fil®X>y°, and is separated and 
complete for the topology defined by Fir2?y°. With these facts in hand we are able to show that 
the module 

Vr(iV) := (wbiV)/^,2?^/Fil®2?^’“) (2) 

is canonically isomorphic as a Hecke module to the cohomology of the local system induced by V^° 
on the analytic space Yi(iVp)(C). The modules Vy°(iV) and variants thereof are the main technical 
objects in this article. By construction Y^°{N) admits commuting Hecke and Galois actions, and we 
will see that in addition the Galois action is p-adically continuous and unramified outside the primes 
dividing Np. For any /c £ it fl Z> 2 , there is a natural Hecke- and Galois-equivariant “integration” 
map 

^ V^{Np){k). 

Theorem 1.1.5. (cf. Proposition 3.2.1) For any integer r, any integer A > 1 prime to p, any 
residue class a{A), any integer to > 1, and any integers c,d with {cd,6Apm) = (d,Np) = 1, there 
is a canonically defined cohomology class 

cMN,mi^A,a{A)) £ 22^(GQ(^^)_7Vmpcx3j'Vy’°(7V)(—r)) 

whose specialization under the integration map ik for any k £ Z >2 H if satisfies 

'i-kicMN,mi^A,a{A))) = c,dzl^lrp,^(A:,r,fc-l,a(A),prime(TOpA)) £ {GQ(^^^)^Nmpoo,Vk {Np){k-r)), 

where c,dz[^^p r, r', a(A), S') is the p-adic zeta element defined in §8.9 of [Kat04]. 

These classes satisfy the Euler system relations as m varies and are compatible under changing 
if and s, among other properties. With this result in hand, we prove Theorems 1.1.3 and 1.1.4 
by building the eigencurve and all associated structures from the finite-slope direct summands of 
the modules V^(A^) = Vy°(7V)[i]. Precisely, given a pair (if, /i) with if C 211 as before and 
h £ Q> 0 ) we say this pair is a slope datum if the module V^(iV) admits a slope-< h direct summand 
Vy }^{N) for the action of the [/p-operator. It turns out that any such direct summand is module- 
finite over ^(if)[i] and preserved by the Hecke and Galois actions. Furthermore, the natural map 
Vy'^^’°(iV) ^ Vy°(A^) induces Hecke- and Galois-equivariant isomorphisms Vy'*'^^(7V) = Vy^(7V); 
we set ifi.hiN) = lim<_s Vy ^(7V). We construct the full eigencurve '^{N) by gluing the quasi-Stein 
rigid spaces associated with the finite ^(it)[i]-algebras 

Tm/i(A^) = imageofT®z inEnd^(ii)[i] 

(or rather, associated with their “generic fibers”: we have Tu,;i(A^) = TheTu,,,(iV)- 

modules l^,?i(iV) and 22^(GQ(^^)_^mpoo) '^iX,h{N){—r)) glue together over this covering into coherent 
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sheaves y{N) and ^^(Q(Cm), ^ respectively, and the classes described in Theorem 1.1.5 

glue into global sections c,dl)N,m{f’,a{A)) of the latter sheaf. Choosing v as above and setting 

/rc.d(ci^) = (c^ - c’'xir(c)"V(c)"Vc)(d^ - (Tv{d)ad) e Qp(i')) [Gal(Q(Cm)/Q], 

we are able to show that for a judicious choice of c and d, the quantity ^c,d is a unit in 

Qp(^)) [Gal(Q(C„)/Q], 


and 


dN,m{,r,iy) = ^ ^ i'{a)c,dlN,m{r,a{A)) 


is well-defined independently of choosing c, d. Finally, we pull everything back under z : '^{N). 

The proof of Theorem 1.1.4 is only slightly different, although it requires an additional intermediate 
result which seems interesting in its own right: we show that the module 


V*’° (N) = image of (N) in (N) 


is a, finitely presented ^(it)-module. Since ^(A^), this yields natural integral struc¬ 

tures on Coleman families. We refer the reader to §2 and §3 for the details of all these constructions. 


1.2 Critical slope p-adic Z-functions 

We now explain an application of these results to p-adic T-functions. To do this, we need a little 
more notation. For the remainder of the paper we set 


r = Fi = Gal(Qp(Cpoo)/Qp) ^ Gal(Q(Cp~)/Q) ^ Z^. 


Let ^ be the rigid generic fiber of the formal scheme Spf(Zp[[r]]), so there is 
sets (or even of groups) 


JT (Qp) = Hornets (r, Qp ^). 


a natural bijection of 


Given a point y & ^ (Qp) we write Xy for the corresponding character, and likewise given a character 
X we write for the corresponding point. Let ^ be the sheaf of rings over defined by ^{U) = 
ff{U X so is a sheaf of A-algebras. We regard an element g G ^^{U) as an analytic function of 
the two variables x G U(Qp) and x G Hom(r, Qp^), writing g^ for its specialization to an element 
of ( 8 >Qp and Px(x) or ^ Qp for its value at the point {x,y^). 

Let / = X]n>i ®n(/)'?" ^ Sk{J'i{N)) be a cuspidal newform with character e and coefficient 
field Q(/) C C. Given any element 7 G (Yi{N){C), {Cl{f)^)) in the /-eigenspace whose 

projections 7 ^ to the ±l-eigenspaces for complex conjugation are nonzero, we define the periods of 

/ by 

iOf = n+y + G iLdR(yi(iV),sym'=-2(C2)). 


By a fundamental theorem of Eichler and Shimura, for any integer 0 < j < k 
character 77 , the ratio 




j'-Ljj + lj'»r]) 

{2TTiy+'^T{g)nf.^ 


2 and any Dirichlet 


is algebraic, and in fact lies in the extension Q(/, 7 ); here the sign here is determined by (—1)-^ = 

±?7(-l). 
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A p-adic L-function associated with / interpolates the special values + 1, / 18)77) as 77 varies 

over Dirichlet characters of p-power conductor. More precisely, let C =^(Qp) denote the set 

of characters of the form t 1—?► with 0 < j < k — 2 and 77 nontrivial of finite order. Let f be 

either p-stabilization of /, with Upf = CDff, and let Qp(f) be the extension of Qp generated by Q(/) 
and Of. There are then two natural p-adic L-functions 

Lp,,(f) e ^(S’) ( 8 >Qp Qp(f), • € {an,alg} 

associated with f, which we call the analytic and algebraic p-adic L-functions. Both L-functions 
satisfy the interpolation formula 

Lp.,{i){x^r]{x)) = 

for all t^r]{t) S (here p" is the conductor of 77) and they both have growth “of order at most 

7 ;p(af)” in a certain technical sense. After the stimulating initial work of Mazur—Swinnerton-Dyer 
[MSD74], the analytic p-adic L-function was constructed by many people using the theory of modular 
symbols in various guises; the cleanest approach is via Stevens’s theory of overconvergent modular 
symbols, as developed by Stevens, Pollack-Stevens, and Bellaiche [Ste94, PSll, PS13, Bell2]. The 
algebraic p-adic T-function was constructed by Kato as the image of a certain globally defined zeta 
element in Iwasawa cohomology under the Perrin-Riou regulator map. 

According to a theorem of Visik [Vis76], any element of with growth of order less than 

fc — 1 is determined uniquely by its values at the points in When 7 ;p(af) < fc — 1, this 

immediately implies the equality Lp_an(f) = .bp aig(f). On the other hand, suppose we are in the 
critical slope case where Vp{af) = k — 1. Even though the two p-adic L-functions agree at all points 
in Visik’s theorem does not apply, and Pollack and Stevens have pointed out (Remark 9.7 of 

[PS13]) that comparing Lp^an and Lp,aig is a genuine question in this situation. 

Theorem 1.2.1. If Vp{af) = k — 1 and V/IGq^ is indecomposable, then Lp,an(f) = Lp,aig (f). 

To the best of our knowledge, this theorem is the first comparison of two p-adic L-functions 
which isn’t an immediate consequence of Weierstrass preparation, Visik’s theorem, or some other 
“soft” result in p-adic analysis. When V/|Gq is split, / is conjecturally a CM form, in which case 
this result is due to Lei-Loeffler-Zerbes [LLZ13]. Our method is completely different, and it would 
be interesting to know if we could treat the split case without the CM hypothesis. 

Ideally, the proof of this theorem would proceed as follows. Let t/ be a suitably small afhnoid 
neighborhood of the point Xf corresponding to f. The indecomposability of L/|Gqp implies Xf is 
a noble point [Bell2]. By the work of many authors (cf. ibid.), any choice of a section 7 € 'f{U) 
as above gives rise to a canonically defined two-variable interpolation of Lp an, i-e. a function 
Lp,an S X with the following properties: 

• Lp.an.a: = Lp,ani^x) for all noble points X G C7(Qp), and 

• Lp.an.a: has growth of order at most Vp{ax) for any x G C/(Qp). 

Suppose we could construct an analogous function Lp ^ig interpolating Lp^^yg and with exactly the 
same growth properties as Lp^an- By the remarks immediately preceding Theorem 1 . 2 . 1 , for any 
noble point x of noncritical slope the difference 


^p,an,x Lp,alg,x — I'p,an{Ix') I'p,a\g{fx') 


is identically zero in E^, so the Zariski-density of such points in U implies the equality 

Lp^an = Lp aig- Specializing this equality at our original point Xf implies Theorem 1.2.1. Of course, 
the existence of Lp^aig is the really nontrivial ingredient in this argument. We don’t actually construct 
l‘p,aig on the nose in this paper, but we do construct a function close enough in behavior that a 
slightly modified version of the above argument goes through. 

To give this construction, we introduce a regulator map which interpolates the Perrin-Riou 
regulator map over Let ^ be the sheaf of relative Robba rings over so 3i{U) = .^Qp<8)^(1/) 
for any admissible open afhnoid U. The sheaf carries commuting ^■g’-linear actions of L and 
an operator Set Yq = Y(—l) and 1 ^* = so ~ Vfc at any point. Let 

S’* = Dpjg(';^*|G'Qp) be the relative ((/?, r)-module sheaf of Yq over so is a locally free 
module of rank two with .^-semilinear actions of T and (p. Inside Si* we have the sheaf of crystalline 
periods dehned by S*j.y^ = _ According to a beautiful result of Kedlaya-Pottharst-Xiao 

and Liu [KPX14, Liul4], ^*j.ys ^ bundle on and for each noble point x there is a canonical 
identification 

S* =1") (Y* 

-^crys,x -^-^crysV.'^0,31/ 

Theorem 1.2.2. There is a canonical morphism of sheaves of A-modules 

Log : SfiiiQp,Yo) 

which interpolates the Perrin-Riou regulator map on all nohle points: given any afjinoid U (Z Y’, 
any z S Sf[l^{Qp,Yo){U), and any v € we have 

Log(z)(?;),, = e ^(S’) (8 )Qp 

for any noble point x € C/(Qp), where 

logs ■ HI^{Qp,Yq^x) —t ( 8 )Qp E)crys(’l^.x) 

is the Perrin-Riou regulator map and v* is the linear functional induced by Vx via the natural perfect 
pairing Dcrys(l^,a;) x ^frys x ^x- Furthermore, Log(z)(r;)a; has growth of order at most Vp(ax) 
for any x G [/(Qp). 

Now choose a pair of characters as in §1.1, with conductors A'^ and with = ±1, 

and set 

• Log(reSp3i(l,J^’^)) 

+e" Pf(£“V7^) • Log(reSp3i(l,r^“)) 

with Pg as in Theorem 1.1. (Here g 

Theorem 1.2.3. For any noble point x G U{Qp) C ^(Qp) and any section v of Sf,.yg{U), nonva¬ 
nishing at X, we have 

L.+ ,.-(u), =a+,,-(u,) Y[ P^(ria 7 i), • Pp,aig(C) G ®Qp P, 

i\A+A- 

where C,y+py-{vx) = e'^C,y+{vx)+e~ C„-{vx) with C,,±{vx) a nonzero multiple of Ls\^{k—\, 

The finite product here has the effect of “deleting the Euler factors” of Lp,aig(fa:) at primes 
dividing A+A“. 
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1.3 A conjecture 

With an eye towards an optimal version of Theorem 1.2.3, we offer the following conjecture. 
Conjecture 1.3.1. There is a canonical morphism of abelian sheaves 


such that for any noble point x € “^(Qp) and any j G U C we have 

(p) 

where denotes Kato’s “optimal zeta element” 

Vf ^ ffL(Q,Vf) 

(p) 

7 ^ ^jf 

associated with a nobly refined form f. 

It seems likely that can be obtained by patching suitable linear combinations of the classes 
c,d3Af,i(if, 0, a{A))h defined in §3.2 below. We shall give some partial results towards this conjecture 
in [Haul 5]. 

Notation 

We write Ko{N), Ki{N) and K{N) for the usual adelic congruence subgroups of GL 2 (Z), and 
ro(A^), ri(A^), r(iV) for their intersections with SL 2 (Z). If TV = p" is a prime power we sometimes 
conflate the former groups with their projections under the natural map 

pip : GL2(Z) ^ GL2(Zp), 

since K = pr“^(prp(/V)) in this case. Let / = Ko{p) C GL 2 (Zp) be the subgroup consisting of 
matrices which are upper-triangular modulo p, and let A C GL 2 (Qp) be the multiplicative monoid 
given by 

S M 2 (Zp) I det 7 ^ 0, c € pZp and a £ Z^ | . 

Note that A is generated by I together with the matrix diag(l,p). 

Given K C GL 2 (Z) open of finite index, we define the associated open modular curve first as a 
complex analytic space by 

Y{K){C) = GL+(Q)\(() X GU{Af))/K. 

This is a possibly disconnected Riemannian orbifold, and the determinant map 

Y[K){C) ^ Q^o\A^/det(iV)^ ~ Z'^/det(iV)^ 

G\4{Ct){z,gf)K Q>odet5/det(R:)^ 

induces a bijection between the set of connected components of Y{K){C) and the finite group 
Z^/det(/V)^. There is a canonical affine curve Y{K) defined over Q such that Y{K){C) is the 
analytic space associated with Y{K) XspecQ SpecC. 
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We write L,M for a pair of positive integers with L + M >5. Let Y{L,M) be the modular 
curve over Q representing the functor which sends a Q-scheme S to the set of isomorphism classes 
of triples {E, 61 , 62 ) where E/S is an elliptic curve and ei,e 2 € E{S) are two sections of £1 S' 
such that Lei = M 62 =0 and the map 

(Z/LZ) X (Z/MZ) ^ E{S) 

(a, b) 1 -^ aei + b 62 

is an injective group homomorphism. If L|L' and M\M' there is a natural covering map 

Y{L',M') -> Y{L,M) 

(£ 1 , 61 , 62 ) i-> {E, ^ 61 ,^ 62 )- 

For {a,b) € (Z/LZ)^ x (Z/MZ)^, let (a | b) denote the automorphism of Y{L,M) defined by 
(£1,61,62) I— (£ 1 , aei, a&e), and let (a | b)* denote the induced pullback map on functions. Let Tn 
and T)) denote the Hecke operators and dual Hecke operators as defined by Kato, so Te = T/{l/£ \ 1) 
\i l \ M. We set Yi{M) = Y{\, M) as usual, and write (1 | 6) = (6) in this case (but not in general). 
Following Kato we write Yi{N) ® Q(Cm) for yi(iV) XspecQ Mm) where Mm denotes the scheme of 
primitive mth roots of unity. 

We often denote “Zp-integral modules” with a superscripted o, and denote the outcome of ap¬ 
plying (—) ®z Q by removing the o. Sometimes we apply this convention in reverse: in particular, if 
M is a Qp-Banach module, we denote its unit ball by M°. If W is a reduced rigid analytic space, we 
write ff{X) for the ring of global functions on X, 0(X)^ for the ring of bounded global functions, 
and ff(X)° for the ring of power-bounded functions. 

All Galois cohomology groups are taken to be continuous cohomology. 
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2 Background on overconvergent cohomology 

In this section we prove some foundational results on “etale overconvergent cohomology.” As noted 
in the introduction, we work with small formal opens in the weight space, as opposed to the more 
familiar alRnoid opens. However, there is a serious payoff for this slight complication: the filtrations 
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which this point of view allows are so well-behaved that they completely obliterate any possible 
difficulties involving higher derived functors of inverse limits. The basic constructions and finiteness 
results in this section generalize with very little effort to yield a workable definition of etale overcon- 
vergent cohomology for any Shimura variety: this should be particularly attractive in the context of 
quaternionic Shimura curves and Kottwitz’s simple Shimura varieties, where the middle-dimensional 
cohomology gives the “right” Galois representation. 


2.1 Locally analytic distributions 

Let s be a nonnegative integer. Consider the ring of functions 

A® = {/ : Zp Qp I / analytic on eachp®Zp — coset} . 

Recall that by a fundamental result of Amice, the functions e®(x) = ^ ^ ^ define an 

orthonormal basis of A®. The ring A® is affinoid, and we set B^, = Sp(A®), so e.g. 

B,(Cp) = IX e Cp I inf |x - a| < p-® I . 

} aGZp J 

Let W be the rigid generic fiber of the formal scheme 211 = Spf(Zp[[Zp ]]), and let : Zp —>• 
be the universal character induced by the inclusion of grouplike elements Zp C Zp[[Zp ]]^ C 
The canonical splitting 


Zp^ = pp_i X (1+pZp)" 

^ 1-^ (w(z),(z)) 

induces natural identifications ^(211) = Zp[pp_i] ®Zp Zp[[r]] and = Zp[pp_i] (giZp Qp {{T)), 

where Qp ((T)) C Qp[[r]] is the ring of power series convergent on the open unit disk, by mapping 
the grouplike element [1 +p\ € Zp[[Zp ]] to 1 -|-T. The universal character is given by the convergent 
series 

/ i°gp<^> \ 

Xyp{z) = [a;(2;)] 0 V T" logp(i-hp) g 

n=0 \ n ) 

The pair (#^, y^r) is universal for pairs (12, yn); where 12 = SpA is an affinoid space and yn : Z^ 
^(12)^ = is a continuous character; given any such pair, there is a unique morphism / : 12 — 
such that yn = /*y:r, with / characterized by /*[Cp-i] = yn(Cp-i) and f*T = yn(l + p) - 1. 
Clearly xnz factors through the universal character y® : Zp —>■ ^(211)^, and (2D, yar) satisfies an 
analogous universal property for formal schemes. If A G >^(Qp) is a point, we shall always denote 
the associated character by A as well. We embed Z into W (Qp) (and into 2D(Zp)) by mapping k to 
the character Afc(z) = 

Now let if C 2D be a formal subscheme of the form if = Spf(i?u) with a Zp-flat, normal and 
module-finite Zp[[Ai,..., A^JJ-algebra, such that the induced map W'® ^ on Berthelot generic 
fibers is an open immersion with image contained in an admissible affinoid open subset of W. We 
write ^(if) interchangeably for i?u. Note that ^(if) is reduced, and that we have identifications 
^(if"®)^ = ^(if)[i] and ^(il"®)° = ^(if). We may choose an ideal a C Ru containing p such 
that Ru is a-adically separated and complete and each R^x/cA is a finite abelian group. Let su 
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be the least nonnegative integer such that xn(l + G ff(yi) (x) for some admissible aflinoid 

ir D 3 ) ii'-ig. Define 

X U"«)° 

= A"’°§i?u 

where the indicated completion is the 1 ( 8 > a-adic completion. In the Amice basis we have 


= < ^rje®(a;) | rj G i?iiwithrj —>• 0 a — adically > . 
j>o 


The formula 


(7 -uDix) =Xii(a + cx)f 


b + dx 
a + cx 


defines a continuous left action of A on A^° for any s > su- Set = Hom^(j^)(Ay°, with 

the dual right action, and set 

All = A|i’“®zQ 




and 


Vf, 


— ®z Q 


The following lemma quantifies the continuity of the A-action on these modules. 

Lemma 2.1.1. For any s > su and n > 1, the principal congruence subgroup C GL 2 (Zp) 

acts trivially on A|i’°/p"' and jp^. 

Proof. Let C® denote the Banach space of functions F : I ^ Qp which are analytic on each coset 
of K{p‘^), in the sense that 


T 7 


p^X2 

p^Xs l+p^X4 


G Qp (Ai,A2,A3,A4) 


Define pp.-y G Zp {Ai,..., A 4 ) 


for any fixed 7 G /. Regard C® as a left /-module via right translation. The key observation is that 
A(p”+®) acts trivially on C®’°/p” and thus on (C®’° ®Zp ^(R))/p"- To see this, fix 7 G / and F G 

r®’° and for a G KlnA write a — ( ^ ^ "^ 1 ( 1 ?) P ^ 2 ( 5 ) \ 

L , and tor 5 G j write g p^Xyi{g) \+p^Xi{g) ) 

by 

PF.^{Xi{g),...,Xi{g)) = F{xg). 

Then for any h G A(p®+”) we have 

supi|Ai(g) - X,[gh)\ < p-^, 


so 

\F{ig) - F{x9h)\ = \pFn{Xi{g),.. .,Xi{g)) - pF,^{Xi{gh),.. .,Xi{gh))\ 
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by Proposition 7.2.1/1 of [BGR84]. 

Let B~ denote the lower-triangular matrices in I. A simple calculation shows that the map 
A I—^ f ^ ^ ^ ^ gives an J-equivariant isomorphism onto from the subspace of functions 

F € C®’° (8)Zp ^(il) satisfying 


This is a closed subspace of C®>° (8)Zp ^(R), and so Atf /p^ injects /-equivariantly into (C®’° (8)Zp 

□ 

Next we construct the filtration on 1)^° described in the introduction. For any s > su, define 
as the image of I>/(° in Then Q^’’ is a finitely generated i?ii/fy-submodule of 

stable under A, and the natural map 

Vll° ^ limg/i’* 

is an isomorphism. By Lemma 2.1.1, acts trivially on Qy*. 

Definition 2.1.2. ITe define 

Firvi(° 

as the kernel of the composite map 

F>^° —g/j* —>• g^* ^Rij^/pi 7?n/a*- 
To unwind this, note the identification 

j>0 

M ^ (Ai(e^))i>0- 

I ^3 I ^ 1 

Setting c® = i ; have e®“ = coefficient cj is ap-adic integer tending uniformly 

to zero as j —> oo, in fact with Vp{cj) = Therefore we obtain 

Qn = 0 

j with Vp{c^)<ii 

with only finitely many j’s appearing, and thus 

j with Up (cp<i 

Taking the inverse limit over i, we easily see that 71^° is separated and complete for the filtration 
defined by the FiL’s, and that this filtration possesses all the other claimed properties. 

Now suppose fc € Z >2 and if is such that k G it(Qp); let C ^(if) be the prime cutting out k. 
Let Al be A® with the left action 

(7 -k f){x) = {a + cxf-'^f [^ 

\a + cx J 
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and let be the continuous Qp-linear dual of A^, with unit ball T>1’°. There is a natural A- 
equivariant isomorphism 

which induces a A-equivariant surjection 

/T~\S,0 /T~vS,0 

(Tfc : . 

Let Affc(A) denote the module of polynomials endowed with the right GL 2 (A)-action 

and set in particular Affe = .iffe(Qp) and = Affe(Zp). By a simple calculation, the map 

/i y (A + 

j=0 V / 

is A-equivariant. 

Definition 2.1.3. The integration map in weight k is the A-equivariant map ik '■ 
defined by i^ = pkoak- 

Lemma 2.1.4. The map ik fits into a A-equivariant commutative diagram 

V^f -^ 


compatibly with varying i, s and if in the evident manner. 

Proof. We observe that ik can be realized as the composite map 

and the composition of the first two of these maps carries Firily° into C To see 

the latter, note that 

T>^°/Fir (8)i{„ i?u/pfc = Ru/pk 

= 

where the first line follows from the fact that a C (p) in Ru/pk = Zp. □ 

The Dirac distribution 

MDir € 
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defined by 


MDir(/) = /(O) 

plays a key role in our constructions. Note that the various /roir’s are carried to each other under 
the “change of s” or “change of if” maps, so we are justihed in omitting if and s from the notation. 
We also write /ioir for the image of ^Dir in or any quotient of 'D^°. 

Lemma 2.1.5. We have ifc(/iDir) = . 

2.2 Etale overconvergent cohomology 

Let Y = Y {K) be any modular curve with the p-part of K contained in I, so any of the modules 
introduced in §2.1 defines a local system on the analytic space Y{C) associated with Y. 

Lemma 2.2.1. The natural map 

H\Y{C),Vf;°) lim H\Y{C),V"f /Firvf;°) 

<—i 


is an isomorphism. 

Proof. This map is surjective with kernel isomorphic to lim^ (id°(F(C), 21y°/FiPll^’°)). By the 
basic finiteness properties of Ily°/Firi?^’°, this is an projective system of finite abelian groups, and 
so its lim^ vanishes. □ 

The modules 7?^°/FiV"D^° define locally constant sheaves of finite abelian groups on the etale 
sites of Y/q and Y. With the previous lemma in mind, we define 


= linpi,(T/Q,P^’7FilX’“). 

This is isomorphic to H^{Y{C),'D^°) as an i?u-module and Hecke module, and is equipped addi¬ 
tionally with a p-adically continuous^i?u-linear action of Gq commuting with the Hecke action. If 
L, M is a pair of integers as earlier with p\M, or N is an integer prime to p, we define in particular 

= V|^’“(l,iVp). 

We also dehne 

V:iL,M) = - k). 

Note that .if^/p” is naturally isomorphic to the etale sheaf sym^“^Tpi?/p”. By Lemma 2.1.4, the 
map —>■ TYflpf factors through a map 21y°/FiP21y° —)■ SYffp^^ which in the inverse limit 

induces maps 

Vr(i,M) ^ V^{L,M){k) = iJi,(F(L,M)/Q,.54“)(2) 

and 

V,r(7V) ^ V^(Np)(k). 

Before continuing, we need some results about slope decompositions. Recall the notion of an 
augmented Borel-Serre complex of level K from [Hanl4]: this is a functor G*(—) = C*{K,—) 

®In the weakest possible sense: the Gq-action on 15^'°) ®z Z/p"Z factors through a finite quotient of 

Gq for any n, but please note we are not claiming this module is separated or complete for the p-adic topology! 
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from right it'-modules to complexes of abelian groups with various good properties, such that 
H* {C'{M)) = H*{Y{K)(C),M). In particular, C'^{M) = with r(i) independent of M 

and zero for i ^ [0, 2], and C*{M) inherits any additional structures carried by M which are com¬ 
patible with the itT-action; furthermore, if the itT-action on M extends to a right action of some 
monoid S with K C S C GL 2 (Aj), any Hecke operator T G Z) lifts to an endomorphism 

f eEndch(C*(M)). 

Now take K = Ki{Np), and suppose (il, h) is a slope datum in the sense of [Hanl4], i.e. we may 
choose an augmented Borel-Serre complex such that C*{'D^) admits a slope-< h decomposition 

with respect to the action of Up. Note that even though is not quite orthonormalizable, all the 
Riesz theory arguments of [Buz07, Col97] still go through (cf. [AIS13]): the determinant det(l — 
tjpX)\C*{V^) is a well-defined Fredholm series Fix{X) G ff{fd){{X}} defined independently of s, 
and admits a slope-< h decomposition if and only if Fix[X) admits a slope-< h factorization 

Fix{X) = Qix,h{X)R{X), in which case C*(V^)h = ker Taking the cohomology of this 

decomposition yields a Hecke- and Galois-stable direct sum decomposition Vy(7V) = Vy^(N) 0 
Vy(iV)^, and Vf[^(A^) is a finite projective ^(il)[i]-module. We define Vy‘^(A) as the image of 
Vy°(A) in Vy ^(iV), so ^(iV) = V^°^(iV) (8)Zp Qp- The following proposition is a key finiteness 
result. 

Proposition 2.2.2. The ff(iT)-module Vy‘^(7V) is finitely presented, and in particular is separated 
and eomplete for the a-adic topology, and thus for the p-adic topology as well. 

Proof. Fix the Borel-Serre complex C*(—) = C*(Yi{Np), —) for which (il, h) is a slope datum, 
and let Z^{—) denote the cocycles in degree 1. The direct sum decomposition C*{Vlf) = C*{'Dffi)h 0 
induces an analogous decomposition of the cocycles. We have the commutative diagram 



-- H\Vlfi) = VlfiN) 

^ = V*’°(1V) 

where ih (resp. pr^) denotes the natural inclusion (resp. projection). Choose elements mi,. .., mg G 
Vy‘)j(iV) which generate f,{N) as an i^(il)[i]-module. Let M be the ^(il)-submodule of ^(iV) 
generated by mi,.. . ,mg, and set Q = Yl^\{N)/M. Clearly any element of Q is killed by a finite 
power of p, and it’s enough to show that Q has finite exponent p® < oo, since then Vy‘)^(iV) C p~*^M 
as ^(il)-modules and p~^M is a finite ^(il)-module by construction. 

Suppose Q does not have finite exponent, so we may choose cohomology classes ci, C 2 ,..., c„,... G 
Vy°(A) such that the image of pr^(c„) in Q has exponent p". The module ^(iV) is naturally a p- 
adic Banach space, and the sequence pr^(c„) is unbounded. Now choose any cocycles Zn G Z^{'D^^°) 
lifting the c„’s. The sequence of z„’s is clearly bounded in the Banach topology on Z^{'Dffi), and 

^Here Qu.hi^) G has leading coefficient a unit in ^(it)[i], and Q*{X) = X‘^'^^^Q{1/X). 
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—i> Z^{T)l^)h is a continuous map of p-adic Banach spaces, so the sequence of cocycles 
pTf^{zn) is bounded as well. But the topmost horizontal arrow in the diagram is a continuous map 
of p-adic Banach spaces carrying pr^( 2 „) to pr^(c„), so we have a contradiction. □ 

The map Vy(iV) induces canonical isomorphisms = Vy^(A^), and we 

write for the inverse limits along these isomorphisms. 

Proposition 2.2.3. The modules and i^{N) are p-torsion-free, and their natural Gq- 

actions are p-adically continuous. 

Proof. Immediate. □ 

2.3 Reconstructing the eigencurve 

Let B[r] = SpQp {p^X) be the rigid disk of radius p’’, with = Ur.B[r]. Now let F G ff{W){{X}} 
be a Fredholm series, with C x the associated Fredholm hypersurface. For any admissible 
open U C W and any h € Q, t/ x B[/i] is admissible open in x A^, and we define an admissible 
open subset 2fu,h C by 2fu,h = .^ fl (17 x B[/i]). If C/ is affinoid then i^u,h is afhnoid as well 
(and in fact ^u,h = (Sp^(C7) {p^X'j /(P(A)))). We say is slope-adapted if the natural map 
^u,h —t 17 is finite and flat. 

Lemma 2.3.1 (Buzzard). There is an admissible covering of by slope-adapted affinoids ^u,h- 
Proof. This is Theorem 4.6 of [Buz07]. □ 

Lemma 2.3.2 (Buzzard). IfU gW is an affinoid subdomain and h G Ci with 3fu,h slope-adapted, 
we can choose an affinoid subdomain V gW and anh' > h such that U G V, 3fv,h' is slope-adapted, 
and ^v,h' n (t/ X A^) = ^u,h- 

Proof. Immediate from Lemma 4.5 of [Buz07]. Note that Sfjj.h = ^u,h'- D 

Lemma 2.3.3. For some index set I, we may choose pairs of affnoid subdomains U[ G Ui and 
nationals hi such that ^ij.^hii^{U'i x A^) = and both {2(iJi,hi)iGi o^nd o,re admissible 

coverings of by slope-adapted affinoids. 

Proof. Immediate from the previous two lemmas. □ 

Lemma 2.3.4. Notation as in the previous lemma, we may choose formal opens ib C 211 such 
that U'i G il”® C Ui and such that (.S^tig is an admissible covering of 2T by slope-adapted 

admissible opens. 

Proof. For each i, choose a finite map f* : Qp (Ai,..., Xf) —>■ ff{Ui) for some d such that the 
associated map fi : Ui ^ SpQp (Ai,..., A^) carries U- into SpQp (p“’'Ai,... ,p“’'Ad) for some 
f S Q>o- The existence of such a map is the definition of the relative compacity L7 G Ui. By 
Corollary 6.4.1/6 of [BGR84], ff{Ui)° is module-finite over Zp (Ai,..., A^). Now let 

R'i = (Zp[[7fi,..., Ad]] <S'Zp{Xi,...,Xa),f: ^{Ui)°) jp - power torsion 

and let Ri be the normalization of i?'; setting = Spf(i?i) gives a formal scheme of the desired 
type with if”® C Ui, and the map fffUi) -G ^(17') clearly factors over a map Ri[^] —t ^{Uf) (since 
R[[-] = the Ai’s are topologically nilpotent in ff{U[) by design), so 17' C il”® as desired. 

□ p p 
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Notation as in the previous subsection, fix a choice of augmented Borel-Serre complex, and let 
F G ff{W){{X}} be the Fredholm series such that Fju = det(l — UpX)\C*{'D^) for all il C W. 
Let ^ dW be the associated Fredholm hypersurface. Given any slope-adapted admissible 
open .^rig C we have a natural identification ^(J^rig = 0'{iF^^)[X]/Qix,h{X), and the 
i^(il''‘®)-module 

:= ^u./.(iV) 

has a natural structure as an ^(.2xiri«,?i)-iiiodule, by letting X act as U~^. These actions are 
compatible as il and h vary, and in particular we may glue the l^iri«,;i(iV)’s over a chosen admis¬ 
sible covering of the type provided by Lemma 2.3.4 into a coherent sheaf 'F{N) over such that 
Y For any constituent of our chosen covering, let denote 

the image of ^(il)[i] ig)z T in End^(y)[i] {Yu,h{^))- This is clearly a module-finite i^(il)[i]-algebra, 
and we have natural quasi-Stein rigid spaces 'Y'liTig hiN), finite over .S^irig^/j, such that 

= Tu,,,(iV) 

We finally obtain the eigencurve '^{N) by gluing these rigid spaces over our chosen covering of 2F. 
Since the Y^x^ig h^Xys are naturally finite ;i(A))-modules, we may glue them into a coherent 

sheaf Y{N) over '^[N) (under the spectral projection tt : '^{N) 3^ we have Tr^Y{N) = Y{N), 

with a slight abuse of notation). The Galois action on each l^rig ^(A^) glues into an action on Y{N). 
Finally, for any number field K and any finite set of places S' of A containing all places dividing 
Npoo, the Galois cohomology modules H^{Gk,s, Y^^ng h(iV)) glue (cf. [Potl3]) into a coherent sheaf 
3fyGK,s,Y{N)) o-veY^{N). 

Proposition 2.3.5. The coherent sheaf Y(N) over^{N) is torsion-free, and Y{N)\ — new has 

generic rank 2 t{N/M), where t{A) denotes the number of divisors of A. In particular, the pullback 
of Y{N) to the normalization is locally free of rank two. 

Proof (sketch). Torsion-freeness follows from the torsion-freeness of {Yi{Np) over ^(il)[i], 
which in turn follows from the vanishing of H'^{Yi{Np){C), V^) (here A € is an arbitrary weight) 
by examining the long exact sequence in cohomology for 

0 ^ Pf[ 4 -D^ ^ ^ 0, 

where e.g. a G ^(il)[i] is a prime element with zero locus A. The statements about ranks follow 
from an straightforward analysis of the specializations of Y (N) at crystalline points of conductor M 
and non-critical slope, by combining Stevens’s control theorem, the Eichler-Shimura isomorphism, 
and basic newform theory. □ 

Let Ty‘)j(A) denote the image of T (8)z ^(il) in End^(u) The ring is a 

Zp-flat complete semilocal Noetherian ring of dimension two. Set £y^(iV) = SpfTy‘)^(A). Since 
Ty°^(A)[i] = the generic fiber of £|t^(A) recovers ^^vig fi[N). Is it possible to glue the 

formal schemes the Galois representations Vy‘)j(A) over them, in any meaningful 

way? 

3 Big zeta elements 

Throughout this section, we let L, M denote a pair of positive integers with p\M, and let N denote 
a positive integer with p\ N. The main reference for this section is §8 of [Kat04]. We largely omit 
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proofs in this section, but this seems a reasonable decision to us: these proofs are (unsurprisingly) 
given by cross-pollinating the proofs in [Kat04] with Theorem 3.1.1 below. 

3.1 Chern class maps and zeta elements 

Theorem 3.1.1. There is a canonical family of maps 

ChlM{il,r) : ^ (Gq, M)(-r)) 

3 

with the following properties. 
i. The diagram 


Ch‘+}.{U,r) / X 

limK2{Y{LjT,MjT)) -^ ^ (Gq, V^+i>°(L, M)(-r) j 


(GQ,V^’°(L,M)(-r)) 

commutes for any it' C it and s > su, where the vertical arrow is induced by the map —>■ 

75 ®>° 70 ®’° 

ii. For any fc S Z >2 nit(Qp), the diagram 


lim K2{Y{Mp^,NjT)) 




(GQ,Vf^’°(L,M)(-r)) 


(GQ,F,°(L,M)(fc-r)) 


commutes, where ChL,M{k,r,r') is Kato’s Chern class map and the vertical arrow is induced by the 
integration map in weight k. 
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Proof. For brevity, set Yj = Y{L%P^ M%P). For some large fixed m, the diagram 


\imK2{Yj+ 

m ) 



{Y,+m. (Z/p^)(2)) 

p3 

limi/2 (^,7 p^)(2 - r)) limii^ (i?*’7FiP+’"-^i?^’“)(2 - r)) 

tr tr 

lhnii2 (r(L, M), (^fc77)(2 - r)) limii^ {y{L, M), (P7/FiP+™-^I?f^’7(2 - r)) 

d d 

limi/i (Gq, ii], (y{L, M)/q, (^,77)) (2 - 7 ) Imi?' (Gq, ^7/q, i^r(2 

i/i (Gq, 77L, M)(fc - r)) -- ^ - i/1 (Gq, Vf^’7L, M)(-r)) 


commutes for any fc G it n Z> 2 . Here all inverse limits are taken over j, the topmost vertical 
arrow is the etale Chern class map explained in Kato, the arrows labeled “tr” are induced by the 
trace map on cohomology, and the arrows labeled “d” are the edge maps in the Hochschild-Serre 
spectral sequence. Crucially, the diagonal arrow is well-defined, since by Lemma 2.1.1 acts 

trivially on I>y°/FiF^™“®2?^’°. Kato defines ChL_M(fc, r, fc — 1) as the composite of all the maps in 
the lefthand column. We simply define Ch^ ^(il, r) as the composite map from the upper left to 
the lower right. □ 

Proposition 3.1.2. The map Ch^ ^(il, r) satisfies the equivariance formulas 
{a I b) Ch7^(il,r) = xu{a){ab)-^Chij^j{ii,r) {a \ b) 

and 

F'7Gh7M(^)^) = Xili'm)ChlJ^f{!d,r)Tl^, 
for any integers a, 6, m with (m, Lp) = (a, Lp) = (b, Mp) = 1. 

These maps, much like adult mayflies, exist for exactly one purpose. Let 

{.c.d^Lp^ ^Mp^') j>l ^ lim K 2 (7 ) 

3 

be Kato’s norm-compatible system of zeta elements (§2 of [Kat04]). 

Definition 3.1.3. IFe define 

c,diL,M(.^i''') — ((c,d.ZLpJ,MpJ )t>l) 

e iii(GQ,Vr(L,M)(-r)) 
for integers c, d with (c, 6pL) = (d, 6pM) = 1. 
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By Theorem 3.1.1, we immediately deduce 
Proposition 3.1.4. For any k £ Z >2 nil, we have an equality 

4 (c.d3i,M(^>'f)) = c.dZL,M(fc,nfc - 1) 

in (Gq, 14 °(M, N){k — r)) where r, fc — 1) is the p-adic zeta element defined in §8.4 of 

[Kat04]. 

By the argument in §8.5-8.6 of [Kat04], the class c,d3i i® unramified away from p. 


3.2 Cyclotomic zeta elements 

In this subsection we p-adically interpolate the construction given in §8.9 of [Kat04]. Let m,A be 
positive integers with p \ let a{A) denote a residue class modulo A, and let c,d be any integers 
with {cd,&pmA) = {d,N) = 1. Choose any integers L,M with mA\L, L\M, N\M, prime(L) = 
prime(mpA), and prime(M) = pTmie{mpAN), and let 

tmMA) ■■ ^ V^’°(iV) Z[Gq(c„,)/q] 

be the trace map induced by the morphism Y{L,M) —>• Yi{Np) 0 Q{Cm) as in Kato. Define 
cMn m('^> ®(^)) the image of c.dli m('^j under the homomorphism 

^f'(GQ,Vr(i,M)(-r)) iLi(GQ,Vr(iV)(-r)0zZ[GQ(c„)/Q]) 

^ {GQiuhVti°{N)i-r)) . 

Proposition 3.2.1. For any k € Z >2 nil, we have an equality 

ik {c,dfN,m{^A,a{A))) = c,d 2 ^i^Np,m{^A,k - l,a(^),prime(mpA)) 

in {GQ[c.^),V^{Np){k - r)), where ^{k,r,k — l,a{A),pTime{mpA)) is the p-adic zeta 

element in equation (8.1.2) of (KatO)]. 

Note that Kato defines ^{k,r,k — 1, a(A), prime(mpA)) without assuming p\ A, but we 

require this since t.fn,a{A) does not respect ro(p)-structures whenpjA. 

Proposition 3.2.2. Notation as above, let i be any prime with {i,cd) = 1. Then 


GorQiU,)/QiU) {c.dfN.imi^, r, a(A))) 


C,d34,m(^^na(^)) if^ImpA 

■ c.d3Ar.m(^> n a(-4)) \U \ mpA, 


where 


= (1 - Tirv.-I + V W' G ^(il) 0z T[Gq(^^)/q]. 

Proof. Follows formally from the properties of all the maps defined so far and Kato’s analysis of 
the Euler system relations in K 2 . □ 
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Suppose now that (it, h) is a slope datum. Define c,di% a{A))h as the image of c,dd% ''’i ®(^)) 

under the natural map 

(Gq(u), vr (iV)(-r)) ^ (Gq(u), V*’;,(iV)(-r)) . 

Now define 

^^iw(GQ(c™),V|^’;,(iV)(-r)) = limidi(GQ(c„^,),V,*^°(lV)(-r)) 

= if'(GQ(c„), V*'° (7V)(-r) ®^(u) ^(it)§Zp[[r™]])h 

By Proposition 3.2.2, the inverse system ( c,d3% ^ j (il, r, a{A))h) defines an element 

V ’ /j>i 

e HUGQic^),YtlliN)i-r)). 

Proposition 3.2.3. The classes c,d3^ satisfy the compatibility 

—r2 {c,dyN,Tn(.^Al,a{A))h) = c,dyN,mi^A2,a{A))h 
under the twisting isomorphism 

Tw,,_,, : id/w(GQ(c„), V^’;j7V)(_ri)) ^ ifL(GQ(u), V^’;j7V)(_r2)). 

Inverting p and passing to the inverse limit over s yields classes 
c,dSN,miA,r,a{A))h S (G'Q(Cm)i 

and 


c,d3N,miA,r,a{A))h £ ^^Iw(G'q(c„), 

:= H\Gciic,n)^yAh{N){-r) x 

(here = SpfZp[[rm]]). 

Now everything glues over an admissible cover of the type constructed in Lemma 2.3.4, and 
we get global sections c,d 5 N,m{r,a{A)) and c,d'5N,m(j',a{A)) of the appropriate Galois cohomology 
sheaves. 

Let V be as in the introduction. Set 

Mc,d(r, ly) = (c^ - c’'x^(c)"V(c)"Vc)((i^ - dJ'u{d)ad) £ {^{W) Q,p{v)) [Gal(Q(Cm)/Q)], 

and choose c, d such that c = 1 mod mp, d = 1 mod Nmp, and v(c) = ^{d) = —1; the existence of c, d 
with these properties follows immediately from the Chinese remainder theorem together with our as¬ 
sumption that has even order. The quantity pc.d is then a unit in Qp(z/)) [Gal(Q(Cm)/Q)] 

and 

lN,m{r,v) = pLc,dir,v)~^ ^ iy{a)c,ddm{r,a{A)) 
a^{ZIAZ)’< 

is well-defined independently of choosing c, d. We have analogously defined Iwasawa classes 3 N,m{r, v). 
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4 Applications to p-adic Z-functions 

4.1 The regulator map 

In this subsection we prove Theorem 1.2.2. Let 

^Qp = {/ £ Qp[[Tl’~^]] I / convergent on 1 > \T\ > rforsomer = r/ < 1} 

be the Robba ring over Qp, and set = ^Qp ®cip L and fl L[[T]]. For background on 

((/3, r)“iiiodules over we refer the reader to [Berll, CC99, KPX14, Potl2]. 

Notation as in the theorem, fix an affinoid U G ^. We define Logjt/ as follows: For any 
z e ilj\^(Qp, '^(C/)) and v € S’*j.yg{U), Log(z)(?;) is the image of z under the sequence of maps 


HUQp,%{U)) HUQp,%{U)) ®a(c/) m ^ 

_^(j^)+,^=o ^(C/)gDa„(r) 4 ff{U X JT). 


l — ipoil) 


Let us explain these arrows one-by-one. The first arrow follows from the identification A(f/) = 
ff{U X together with the faithful flatness of ff{U x over ^(C/ x The second arrow 

follows upon composing the canonical isomorphisms 

iJl\,(Qp, %{U)) ®A(c;) ff{U X JT) - il4.Iw(Qp, %(U)) 

We refer to Corollary 4.4.11 of [KPX14] for details. 

For the third arrow, recall that 


crys 


(t/) = 


c 


rig 

Dt 

rig 


- Hom^(jp) , 

so V defines a linear functional v* into To calculate the '0-action on the image of this functional 

evaluated on some d € note that the (/s-action on this Horn space is characterized 

by the equation {(p ■ f){(p{d)) = (p{f{d)), and likewise the 0-action is characterized by (0 • f){d) = 
il){f{ip{d))). Let fy = V*, so in particular (p{fv{d)) = a°fy{p{d)) and /„(d) = a°il^{fy{p{d))). By 
the definition of an etale (/^-module over SS{U) we may (locally on U) write d = o,i(f{di) for 

some di G Dj;g('yb(C/)) and G ^{U), and since 0(d) = d we have X^ie/= Sie/ 

Now we calculate 

V'(/«(4) = V'(/n 

= ’^1’(^a,fy{(p{d,))j 

= fv {^il;{ai)d^ 

= {al~^fv{d), 
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as claimed. 

To check that the third arrow really has image in the claimed subspace, note that for T/Qp 
finite and any a & Ol, there is a natural inclusion C unless a = 1, in which case 

C © L • y C (This is a special case of [CollO], Prop. 1.11.) In particular, given a 
reduced afiinoid U and a function / G ^(U)° with / 1, there is an inclusion 

Now at any crystalline point x of weight G Z>2, the specialization a% is a p-Weil number of 
weight fca; — 1, and such points are dense in ^, so the zero locus of — 1 is nowhere dense in 
The fifth arrow is the inverse of the Mellin transform isomorphism 

^ : Dan(r)©^(17) ^ .^(17)+’^=° 

induced by the isomorphism 

Dan(r) 4 

where Dan(r) denotes the ring of locally analytic distributions on P. 

The sixth arrow is the Amice transform. 

The comparison with the Perrin-Riou regulator map follows from Berger’s alternate construction 
[Ber03] of the latter (cf. the discussion following Theorem A in [LLZll]). 

It remains to show the claimed growth property at individual points. To see this, we note that 
for any point x G C/(Qp), we have a commutative square 

^Iw(Qpi %,x) -^ 'f^Iw(Qp; 4),a;) 

I I 

Dt(ro.4-- DUn,.) 

of injective maps; here the top and righthand maps are the specialization at x of the first two maps 
in the definition of Log, and the lefthand isomorphism is a well-known theorem of Fontaine (cf. 
[CC99]). Going around the lower left half of the square, the claim about growth now follows from 
the following result, applied to the representation 

Proposition 4.1.1. Let V be a two-dimensional trianguline representation of Gq^ on an L-vector 
space, and suppose Djig(P) admits a triangulation of the form 

0 Drig(^) 0, 

where fXa and up are unramified characters o/Qp and rj is some character of Tip . Let Va,vp be a 
basis of l-lj.jg("F") realizing this triangulation. Then given ang element f G Dl("F") CZ Djig(^), the 
image of f in is of the form vp ■ fp where fp G has growth of order < u(/3“^). 

Proof. This follows from (the proof of) Proposition 3.11 of [ColOS]. □ 


^Qp 

I (l + r)>^-('^)/r(7), 
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4.2 Specialization at noble points 

In this section we analyze the specializations of the classes and 3m v) at noble points and 

prove Theorem 1.2.3 and Theorem 1.2.1. 

Let / G Sk(ri(N)) be a cuspidal newform, a a root of the pth Hecke polynomial of /, and f the 
associated p-stabilization of /. We assume that Xf is noble. Set 

= (^e\(^i(^P)Q>-^fe)(2 - k) 0Q^ Qp(f)) [ker 

and Vf =obvious lattice, so Vf{k) is simply the fiber of Y at Xf. Define 

HL(yn = hmiti(GQ(c^^.),^po.,y;®(ZV)) 

andHliVf) = Hl{V°)[^]. Recall that JT = Spf(Zp[[Gal(Q(Cp=o )/Q)]])“, so = Zp[[Gal(Q(Cp=o )/Q)]]. 

Proposition 4.2.1. The module is locally free of rank one over ^{3^)^. 

Proof. The ring is a one-dimensional, Noetherian, regular, Jacobson ring, and in partic¬ 

ular every prime ideal is maximal and principal. If m is a maximal ideal, then the usual long exact 
sequence in cohomology gives a surjection 

Lf°(Gq,^poo, Vf iJil(V/)[m], 

and the vanishes by the irreducibility of Vf. Therefore is torsion-free, so is locally free 

of some rank. The latter is one by Tate’s global Euler characteristic formula and Kato’s results on 
(cf. Theorem 12.4 of [Kat04]). □ 

Kato’s ’optimal Euler system’ is an injective Qp(/)-linear map 


with a number of remarkable properties. Let us note that, strictly speaking, Kato constructs an 
analogous map Vj for the unrefined Galois representation Vf C Hg^{Yi{N)-^, — 

®Qp Qp(/)) but his construction extends verbatim to nobly refined forms. 

Proposition 4.2.2. 

i. ITe have 

e\A 

where (5(f, is the projection to the f-eigenspace ofVk{Np) of the cohomology class 

iy{a)Si^Npik,k - l,a{A)). 

aG(Z/A)x 

ii. Under the hypothesis of Theorem 1.1. 3. Hi, the class J(f, Jz) is nonzero. 

Proof. This follows from Proposition 3.2.1 together with Lemma 13.11 of Kato. In fact, writing 
= &=*= • 7 =*= with 7 ^ any basis of V^, a calculation shows that is a nonzero multiple of 
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Proof of Theorem 1.2.3. Notation as in the theorem, write 

Li.± = e=^ • Log(reSp3i(l,i^"^)), 


I AT 

' (/ 1 +,A-) 


so L,. 


y- — Li/+ H” L^/-. Let 


logf : i/L(Qp, V,{k - 1)) ^ JT) 0 Q^ Derys(^f (fc - 1)) 


be the Perrin-Riou regulator map. Kato defines Lp aig(R) as 77 * logf (/c — 1)) for a certain 
r] € Dcrys(Pf(^ — 1))^ — Dcrys(Pf<=) Satisfying ‘f[rf) = a'^'q. By Proposition 4.2.2 and a simple 
twisting argument, we see that 

l\A± 

e HUv,{k-i)). 

Therefore by Theorem 1.2.2, we have 


Li/±('l’)a;f — 


n I n 

V£|A± 


(A + ,A-) 


-u^^iogf ( 4 ^f,^±)(fc- 1 )) 
(.\A 

n logf {k - 1 )) 


e\A 

= C^±{va:t)e-^W_Pt{r^crf^)x! ■ Tp,alg(R) 

(.\A 

as claimed. □ 

Proof of Theorem 1.2.1. Fix a small connected affinoid U C containing Xf and some nowhere 
vanishing section v £ and choose 7 £ Y{U) with 7 ^^ 0. By our previous analysis 

together with a deep theorem of Rohrlich [Roh84], we may choose such that Lj,± is not identically 
zero at Xi. Let denote either portion of Sf, and consider the ratio 

- 1 , e Frac(^(t/ X jr±)). 

±l\t Gg j 


= 


-Jp,an 


c*U. 


i\A+A- 


By the same theorem of Rohrlich, Lp,an(f)|. 2 ri 7 0 on any connected component of , so 
the denominator is not a zero-divisor and this ratio is well-defined. Shrinking U if necessary, we 
may assume the denominator of is a non-zero-divisor after specialization at any noble point 
y £ U{Clp). Choosing any such point y of noncritical slope, we have 

_ _ L,^±(ti)ye _ 

Lp,an(fy) ' Y\(.\A+A^ )v° 

C^±iv)yc ■ Lp,alg( 4 ) • I\e\A+A- 


Tp.an(fy) • n^|A+A- )y 


= C^^Ey 
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for some constant Cy by Visik’s theorem. By the Zariski-density of such points, we deduce that 

e Frac(^(C/)) C Frac(^(C7 x jr±)). 

Since Lp an(f) is not a zero-divisor, the polar divisor of is necessarily disjoint from {ccf} x 
so we may specialize R at Xf and conclude that R^^ is a constant, and is furthermore nonzero, since 
Cv± is a nonzero multiple of L(k—1, Since furthermore Jlfiyi+yi- is not a 

zero-divisor, we deduce that ^^(i) = C'^Lp_aig(f)) and evaluating either side at any interpolatory 
point x^r]{x) G for which L{j -|- 1, / (g) r]~^) ^ 0 implies = 1. □ 
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